The quiver Hopf algebras are classified by means of ramification system with irreducible representations. This leads to the classification of Nichols algebras over group algebras and pointed Nichols type Hopf algebras.
Introduction
The classification of Hopf algebras is the main object in research of Hopf algebras. So far, much important results have been obtained in the classification of finite dimensional pointed Hopf algebras (see [AS98, AS02, AS00, AS05, H1, H2, AZ07] ). The classification of PM quiver Hopf algebras was completed by means of ramification system with characters (RSC in short )in [ZZC] .
In this paper, quiver Hopf algebras, Nichols algebras over group algebras and pointed Nichols type Hopf algebras are classified by means of ramification system with irreducible representations (RSR in short ).
It is pity that we have not complete the classification of these Hopf algebras explicitly since we have not obtain the classification of RSC's, although we obtained the classification of RSC's in symmetry groups in [ZWW] . Fortunately, the classification of RSR's seems easier than others since it is only relative to the conjugacy classes, ramification,irreducible representations and isomorphisms. In other words, it is only relative to group G and its ramifications.
We often use the tool of quiver (see [ARS, CR02, CR97, ZZ, OZ] ) and the tensor algebras of Hopf bimodule (see [N, W] ). We use the quivers to describe Yetter-Drinfeld kGmodules, kG-Hopf bimodules, Nichols algebras in braided tensor category kG kG YD, pointed Nichol type Hopf algebras with coradical kG and quiver Hopf algebras over G in this paper.
The main results in this paper are summarized in the following statement. Fix a map u 0 from K(G) to G with u 0 (C) ∈ C for any C ∈ K(G), 
Preliminaries
Throughout this paper we assume that G is a finite group and k is a field with chark ∤ | G |.
LetĜ denote the set of all isomorphic classes of irreducible representations of group G. For h ∈ G and an isomorphism φ from G to G ′ , define a map φ h from G to G ′ by sending x to φ(h −1 xh) for any x ∈ G.
A quiver Q = (Q 0 , Q 1 , s, t) is an oriented graph, where Q 0 and Q 1 are the sets of vertices and arrows, respectively; s and t are two maps from Q 1 to Q 0 . For any arrow a ∈ Q 1 , s(a) and t(a) are called its start vertex and end vertex, respectively, and a is called an arrow from s(a) to t(a). For any n ≥ 0, an n-path or a path of length n in the quiver Q is an ordered sequence of arrows p = a n a n−1 · · · a 1 with t(a i ) = s(a i+1 ) for all 1 ≤ i ≤ n − 1. Note that a 0-path is exactly a vertex and a 1-path is exactly an arrow. In this case, we define s(p) = s(a 1 ), the start vertex of p, and t(p) = t(a n ), the end vertex of p. For a 0-path x, we have s(x) = t(x) = x. Let Q n be the set of n-paths. Let y Q x n denote the set of all n-paths from x to y, x, y ∈ Q 0 . That is,
A quiver Q is finite if Q 0 and Q 1 are finite sets. A quiver Q is locally finite if y Q x 1 is a finite set for any x, y ∈ Q 0 .
Let G be a group. Let K(G) denote the set of conjugate classes in G. A formal sum r = C∈K(G) r C C of conjugate classes of G with cardinal number coefficients is called a ramification (or ramification data ) of G, i.e. for any C ∈ K(G), r C is a cardinal number. In particular, a formal sum r = C∈K(G) r C C of conjugate classes of G with non-negative integer coefficients is a ramification of G.
For any ramification r and a C ∈ K(G), since r C is a cardinal number, we can choice a set I C (r) such that its cardinal number is r C without lost generality. Let K r (G) := {C ∈ K(G) | r C = 0} = {C ∈ K(G) | I C (r) = ∅}. If there exists a ramification r of G such that the cardinal number of y Q x 1 is equal to r C for any x, y ∈ G with x −1 y ∈ C ∈ K(G), then Q is called a Hopf quiver with respect to the ramification data r. In this case, there is a bijection from I C (r) to y Q x 1 , and hence we write
y,x | i ∈ I C (r)} for any x, y ∈ G with x −1 y ∈ C ∈ K(G). Denote by (Q, G, r) the Hopf quiver of G with respect to r.
In this paper, all notations are the same as in [ZZC] but G and φ h .
1 Classification of Quiver Hopf Algebras Definition 1.1. (G, r, − → ρ , u) is called a ramification system with irreducible representations (or RSR in short ), if r is a ramification of G; u is a map from K(G) to G with u(C) ∈ C for any C ∈ K(G); I C (r, u) and J C (i) are sets with
are said to be isomorphic if the following conditions are satisfied:
• There exists a group isomorphism φ : G → G ′ .
• For any C ∈ K(G), there exists an element
• For any C ∈ K r (G), there exists a bijective map φ C : 
Proof. Since N is a kG-Hopf bimodule, there exists an object
Thus ϕ is a left kG module isomorphism. See
y,x ⊗ h)) (by (1.1)).
Consequently, ϕ is a kG-Hopf bimodule isomorphism. P Let (kQ 
, called the quiver Hopf algebras determined by RSR(G, r, − → ρ , u).
From Proposition 1.2, it seems that the right kG-action on (kQ
The following lemma shows that (kQ c 1 , G, r, − → ρ , u) is, in fact, independent of the choice of the coset representative set {g θ | θ ∈ Θ C }, up to kG-Hopf bimodule isomorphisms. For a while, we write (kQ
That is,
Proof. We may assume
where It is clear that the k-linear isomorphism f : N → M given by
, is a kG-bicomodule isomorphism and a left kG-module isomorphism from N to M. See
Thus f is a right kG-module homomorphism. P Now we state one of our main result, which classifies quiver Hopf algebras.
Then the following statements are equivalent:
(ii) There exists a Hopf algebra isomorphism φ :
Furthermore, if Q is finite, then the above are equivalent to the following:
Notice that the isomor-
phisms above are ones of graded Hopf algebras but (i) (ii).
Proof. By [ZZC, Lemma 1.5, Lemma 1.6], we only have to prove (i) ⇔ (ii).
and
It follows that
Moreover, we have (xh)
We also have
(1.8)
Since
It is clear
as kG-Hopf bimodules by the proof of Proposition 1.2. Define a k-linear isomorphism ψ :
for any x, y ∈ G with x −1 y = g −1 θ u(C)g θ , and i ∈ I C (r, u), w ∈ X (i)
C , where C ∈ K r (G) and (1.7) ), which show that ψ is a right kG-module homomorphism.
(ii) ⇒ (i). Assume that there exist a Hopf algebra isomorphism φ : kG → kG ′ and a kG-Hopf bimodule isomorphism ψ : (kQ
and φ(h
, by restriction one gets a k-linear isomorphism
We also have a k-linear isomorphism
. Hence φ h C is an algebra isomorphism from kZ u(C) to kZ u ′ (φ(C)) by sending h to φ(h −1 C hh C ). Using the hypothesis that ψ is a kG-bimodules homomorphism from (kQ
Obviously, both
C ) as right kZ u(C) -modules and
C ) is an irreducible right kZ u(C) -module for any i ∈ I C (r, ) and (X
. Therefore, there exists a bijective map φ C :
Up to now we have classified the quiver Hopf algebras by means of RSR's. In other words, ramification systems with irreducible representations uniquely determine their corresponding quiver Hopf algebras up to graded Hopf algebra isomorphisms. 
This proposition means that the choice of map u doesn't affect the classification of RSR ′ s. That is, if we fix a map u 0 from K(G) to G with u 0 (C) ∈ C for any C ∈ K(G), then for any RSR(G, r, − → ρ , u), there exists RSR(G, r, Proof. (i) Obviously, diag(B#H) = B ⊗ 1 H . Define a map ψ from diag(B#H) to B by sending x ⊗ 1 H to x for any x ∈ B. It is easy to check that ψ is a graded braided Hopf algebra isomorphism in Conversely, we shall show P (R) ⊆ kQ 1 1 by the following two steps. Obviously, kG ∩ P (R) = 0 and P (R) is a graded subspace of R.
(i) Assume that α = a xnx n−1 a x n−1 x n−2 · · · a x 1 x 0 is a path from vertex x 0 , via arrows a x 1 x 0 , · · · , a x n−1 x n−2 , a xnx n−1 , to vertex x n . Then ω(α) = α · x x 1 x 0 is a path with n > 1, k p ∈ k for p = 1, 2, · · · , m, and b (p)
x j x j−1 is an arrow from vertex x j−1 to vertex x j for j = 1, 2, · · · , n. We shall show that k p = 0 for p = 1, 2, · · · , m. Indeed,
This implies 
x j x j−1 b
(1)
x j−1 x j−2 · · · b
x 1 x 0 } = {1, 2, · · · , m 1 } without lost generality. Therefore, by (2.1), x 1 x 0 for q = m 1 + 1, · · · , m. Similarly, we can show k p = 0 for p = m 1 + 1, · · · , m. P By [BD, Theorem 4.3.2] , the category
